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Abstract-A combined Fermi-Davydov resonance in solid molecular 
solutions is considered. It is shown that migration of the energy of 
vibrational excitation can lead t o  an abnormal redistribution of intensities 
of the components of Fenni-doublet when higher order harmonics are 
dominant.. The concentrational dependence of the ratio of the intensities 
of doublet components is investigated. At a certain value of the concen- 
tration, determined by parameters of the solvent and the dmolved sub- 
stance, a sharp increase in the intensity of one of the doublet components 
can be observed. The basic conclusions of the theory are in agreement 
with the experiment. 

Introduction 
When Fermi resonance in an isolated molecule takes place, the 
intensity of the absorption band corresponding to  the higher 
order transition can be smaller than or equal to the intensity of 
the band for the transition the order of which is lower by 1. Equal- 
ity is valid when undisturbed levels exactly coincide.1 

For the same quantum transitions in crystals the ratio of the 
intensities of the bands mentioned above can sometimes exceed 
unity. For example, a harmonic can be stronger than the 
fundamental which is in resonance with it. Such a phenomenon 
was observed experimentally. It was assumed2 that such an 
anomaly arose because of the migration of excitation energy in a 
molecular lattice leading to intermolecular resonance of the 
Davydov type.3 Thus, an intermixing of resonances inside and 
between molecules takes place. 
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394 MOLECULAR CRYSTALS A N D  LIQUID CRYSTALS 

Such a combined resonance was for the first time observed' and 
interpreteds for the spectra of CHJ and 0,I .  It was shown6 
that if the intermolecular interaction was present, the Fermi- 
doublet could convert into a number of bands (4 in this case). In 
that paper the characteristic relations among the components of 
combined resonance were also obtained. But it did not touch on 
the question of the ratio of the intensities in those bands. We 
have considered this problem for pure crystals.8 I n  the present 
communication a similar problem is solved for the more com- 
plicated caae of solid solutions. 

Energy of the System 
We consider a solid solution where some of the molecules of the 

solvent are substituted for by molecules of the dissolved substance 
having accidentally degenerate s t a h  with corresponding wave 
functions of identical symmetry. Just this kind of state is liable 
to resonant interaction of the Fermi-type. Next, we assume that 
the solid solution constitutes a crystal the main region of which 
contains K cells. Each cell has u differently orientated molecules, 
and N is a number of substitutions in any orientation. 

If in the harmonic approximation an isolated impurity molecule 
could be characterized by two adjacent levels p$  and q, then in an 
anharmonic condition we get a new pair of more remote levels 
f and g. As experiment shows,' in vibrational spectra the value of 
the Fermi splitting for isolated molecules is often comparable 
with the value of the Davydov splitting for the molecular lattice 
(about several tens of cm-l). Therefore, in zeroth approximation 
one can write down the following expression for the wave function 
of an excited impurity crystal 

$ To be speoXc, we assume that a transition into p state gives a harmonic 
of lower order (basic harmonic, for example), whereas 8 transition into q 
state gives a harmonic having the order higher by 1 (for example, the fht 
harmonic of the second normal oscillation). 
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C O M B I N E D  F E R M I - D A V Y D O V  R E S O N A N C E  395 

The summation in (1) is made only for the impurity (active) 
molecules, while multiplication refers to the whole crystal ; cp,/ 
represents a wave function of an isolated molecule situated in 
the n cell with an orientation a in the f excited state; ak are 
coefficients in the expression of Y function as a series in molecular 
functions. The wave function of the unexcited state has upper 
index ‘‘ 0”. 

The wave function of the basis state of the crystal is 
R 

ms 
yo = n Pkp 

and the Hamiltonian of the system is 
Ii K 

W 8 Y  # r8 

where H,, is a Hamiltonian of an isolated molecule, Vsv,rd the 
operator of the energy of interaction of molecules sv and 78. 

A solution of the Schrodinger equation gives for the excitation 
energy of the crystal 

where A& is an energy of excitation of isolated na molecule into 
f state. Since all the active molecules are identical A E L  = A d  
does not depend upon indexes n and a ;  M 2 g p  is a resonance 
term describing a transfer of excitation from molecule no! to 
molecule mp, the latter being in a g state which might be different 
from f. For f = g, Mnhffms = M f is the usual Davydov’s *ma 
resonance term. 

K 
%2 = c [Jv2v:O V,,8”cpdPW - ~fDsv3Pb,o V,,8”P2v:d71 (5) 

av # na 

which characterizes a change of energy of interaction between all 
the molecules in the crystal and na caused by excitation of na 
molecule; 9:: includes summation over the whole crystal, so 
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396 M O L E C U L A R  C R Y S T A L S  A N D  L I Q U I D  C R Y S T A L S  

it also does not depend upon na ; i.e. 92 = 9 f a .  If the indexes 
f and g coincide, 9ff = 9f and we have a matrix element usual 
for the theory of molecular crystals. 

Expression (4) ws9 obtained for random distribution of impurity 
molecules in the cells of the basic lattice. The only condition ws9 
a uniform (at an average) distribution of aative molecules. 
Besides, a normalizing condition was imposed upon the amplitudes : 

The determination of coefficients ak from Eq. (4) is a rather 
difficult problem, so we shall use a simpler model assuming that 
impurity molecules form a sublattice points of which coincide 
with some points of the basic lattice. The distance between them 
we shall consider as a parameter, which can take various values. 
Thus we have two matching lattices with Werent translational 
vectors. A periodicity allows some simplification of (4). 

Because of translational symmetry, ‘ak can be c h m n  aa 

where N has its former value ; t is a wave vector satisfying the 
usual periodicity condition ti  = Zngi/NiBt: B,  is a component 
of the translational vector of the sublattice ; factor gi determines 
one of the states in the energy band. 

Using expressions (7) and (4) we get 

where 

w f ~  = A4f8f9 + 9’’ (9) 
N 

M%(t) - C M$e**-@ (10) 
m + n  

We shall be interested only in small tvaluee, 80 all expnenta 
Then H$(t) wilI represent a in (10) can be considerod aa unity. 
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C 0 M B  I N  E D ,, PERMI - D AVY D OV R E  S 0 N A N  0 E 397 

sum of resonant terms of energy transfer from molecule na to  all 
the other molecules of the crystal. We consider one of these 
terms. In  the dipole approximation 

where R, is a distance between na and rns molecules; em is a 
unit vector directed along the line connecting these molecules; 
di, d; are the dipole moments of isolated na and mp molecules 
correspondingly. If the active molecules are separated by 9 
lattice constants of the basic lattice, then 

R, = 9 r m  (12) 

where r,, is a parameter of basic lattice which does not depend 
upon 9. 

Introduction of (12) into (11) gives 

l/LZ3 = C is the concentration of active molecules in the crystal. 
The rest of the expression (13) characterizes an interaction 
between the molecules number nu and m,!? in a new lattice, the 
parameters of which are independent of concentration. 

Factor C will appear in all terms of the sum (lo), therefore 

H$(t) = CIM,fqt) (14) 

where M,"Bf"(t) could be considered as a constant value independent 
of concentration " C". 

Introducing (14) into (3) and varying the result in a,*f with a 
condition (6) taken into account we obtain a system of uniform 
algebraic equations 

where 
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398 MOLECULAR CRYSTALS A N D  L I Q U I D  CRYSTALS 

determines an excitation spectrum of crystal and intensities of 
absorption bands. For f = g and C = 1 the expression in (16) 
coincides with that usually employed in the theory of molecular 
crystals. 

Band Intensities 
The Intensity of an absorption band for dipole transitions is 

determined by the squared absolute value of the dipole moment 
of the corresponding transition. When a crystal is excited into 
state of energy E, (index T will denote the roots of determinant 
of the system (15), the corresponding amplitudes will be u ~ ( T ) )  this 
moment is equal to 

d(T) = ( ~ ( T ) d ~ o )  (17) 

where 

d, is a dipole moment of sv molecule. After the introduction of 
(l), (2), (7) and (18) into (17), we get 

where 
a: = J q)$&,JpZdT 

is a dipole moment of transition of nu molecule from a bmic state 
into an excited one, namelyf. Expression (19) waa obtained under 
the assumption t-0, i.e. for the G&SB of long wave length. 

We shall use the expression in (15) to determine the coefficients 
u!(T) supposing that a molecule contains only two adjacent levelsf 
and g, whereas a unit cell of the crystal contains only two molecules 
with different orientation. Thus we get a system of four uniform 
algebraic equations which has no general solution. Therefore it 
will be relevant to restrict ourselves to  a consideration of some 
particular cases. 
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COMBINED WERMI-DAVYDOV RESONANCE 399 

The separation between thef and g levels in an isolated molecule 
is determined by the value of the Fermi interaction Vfl. 

The splitting of the non-degeneratef level (or g level) associated 
with different orientations of the molecules within the unit cell 
is determined by the value of the intermoleculer interaction TD. 
Let us consider the cases when V F  5 V D .  

A .  An overlapping of the wave functions corresponding to f and 
g states is much smaller than that of the wave functions corres- 
ponding to the Davydov components arising as a result of splitting 
o f f andgs ta t e s  (i.e. IufI, 1a$I >luEl, lug1 forfixedf). Then 
we can omit the summation upon g in equations (15) and (6). 
So we have 

E u ~  = C a{L?&(t) (20) 

p : f u {  = 1 (21) 

B 

a 

For these conditions also instead of 

the following expression will be valid for the squared absolute 
value of the dipole moment 

Joint solution of the systems (20) and (21) gives the expressions 
for excitation energy of the crystal and for quantities a,’((.) : 

E$ = &(-Y& + -Y&) i $J(@l - =92{la + 4 I =-Yfiz l 2  (23) 

u{( +)  = cos- a{( - )  = - sin ef 1 a$(+) = sin- u l ( - )  = cos- ef 
(24) 

2 

where a:( +)  and uL( - ) refer t o  energies E( and Et correspon- 
dingly ; the value of Of has to be determined from the relation 
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400 MOLECULAR CRYSTALS AND L I Q U I D  CRYSTALS 

Expressions for the second Fermi-component are similar. To 
obtain them it is enough to substitute index g in expressions 
(23)-(25) for index f. 

Having introduced (24) into (19), we obtain values of the 
dipole moment for transitions into states namely 

The choice of index (f or g )  depends upon the origin of the leveI 
from the Fermi-doublet with Davydov splitting. If we take into 
account that ld{l = ldil then after an introduction of (24) into 
(22’) we obtain 

Idf.g(+)IB = Nldf*pIB(l + cosvsin8f.g) 
I dfvo( - ) I B  = N I 1 - cos Y sin 8f.g) (27) 

Y here is the angle between the dipole moments of molecules of 
different orientation. 

It is worth recalling that f and g levels result from p and q 
levels separated because of influence of anharmonicity. When 
exact resonance is present 

where dp and dq are dipole moments of transition of molecule 
from basic state into p and q states. In our case I dP 1 > ] clq I 
therefore df do. Then it fdlowa from Eq. (26) that for values 
8f and 8g approaching one another, dipole moments df( +) and 
dg( + ) will have almost the same polarization &s well m df( - ) and 
dg( - ) whereas df( + ) and df( - ) will be normal to each other. 
Thus two couples of bands mutually orthogonal will be present in 
the absorption spectrum. If some transitions are forbidden, the 
erectirm will kaTe less componente. 
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C O M B I N E D  F E R M I - D A V Y  D O V  R E S O N A N C E  401 

Now we consider the ratio of intensities of bands with the same 
polarization. It will be 

A couple of bands corresponding to “ + ” sign will be polarised 
normally to that corresponding to “ - ”. 

Formula (29) shows that for 8f f 8g either f+ > 1 or f- > 1. 
This means that for one of the polarizations a component resulting 
from a harmonic of higher order will have greater intensity than 
another component. The surplus can not be essential since 8f 
and 8g are not very different. In  cases when Bf > 8 g ,  or when 
opposite unequality is true, the bands of identical polarization 
can not be distinguished. 

From (16) and (25) an independence of 8 f  upon concentration 
follows, i.e. the ratio of interest will be constant for all concentra- 
tions of impurity molecules (Fig. 1). 
B. Now we turn to an opposite case, when ( I  uf 1, I uz [ > I uBf I, 
1 u; 1 for fixed f). Under this condition the picture will be different, 
since an overlapping of the wave functions corresponding to the 
Fermi-components will be much stronger than that for the 
Davydov’s components. Taking this into account, we can omit 
the summation upon f l  in equations (15), (6) and (22). The 
corresponding equations will have the forms 

c u * p :  = 1 
B 

Joint solution of (30) and (31) gives the excitation energy of 
the crystal $7: as well as the amplitudes ah(.) 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

6:
16

 1
7 

Fe
br

ua
ry

 2
01

3 



402 MOLECULAR CRYSTALS AND LIQUID CRYSTALS 

" a:(+) = sin- I 2 
" 

u:( - )  = cos- 1 2 c 

(34) 

where 9 runs through the values 1, 2 corresponding to the num- 
ber of molecules in a unit cell. The value of & will be given by the 
relation 

Introduction of (34) into (19), where summation upon a is omitted, 
gives values of the dipole moments of the transitions info s t a h  
with energy E; : 

It is seen from (36) that da( +) and a.( - ) have the same 
polarization (d,f d:) for any & determined by Eq. (35). But 
they can be different in absolute values. Having substituted p 
for a in (33-36), we obtain values corresponding to molecules of 
another orientation. Polariaztion of the bands in cam p will differ 
by an angle v from polarization of the bands a. In accordance with 
(32) and (36) we have 

Id=(+)I* = Nld,'l*((l +sin&) 
I & (  - ) I*  = Nld!l*(l -sin&) (37) 

The ratio of intensities for bands with the same polarization will 
be 

where a choice of indexes a or f i  depends upon the orientation of 
the molecules for which the ratio of band intensities is considered. 
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COMBINED F E R M I - D A V Y D O V  R E S O N A N C E  403 

If we introduce (16) into (35), we get the expression for tg& 

In this case the value of p.0 depends upon the concentration in 
a rather complicated way. Assigning some definite values to the 
parameters in (35') we can obtain different forms for this depend- 
ence. 

As a conclusion to our considerations we shall give an analysis 
of the limiting cases ( A  and B)  described above. For convenience 
we introduce the following notation : 

U.f@ = ( A d  + W') - (A@ + L W )  (39) 

(40) b e  = - M - w  
DIDl 

The results of the analysis are presented in Figs. 1 and 2. It is 
evident from Fig. 1 (case A )  that for one of the possible polariza- 
tions the intensity of the band corresponding to the higher order 
harmonic is greater than for another band. It is characteristic 
that for both cases the ratio of the intensities does not depend 
upon the concentration of the active molecules. 

In the second limiting case ( B )  the corresponding dependences 
are more diverse. It follows from the theory of the spectra of 

Figure 1. Concentration dependence of the intensity ratios of split 
components (case A). 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

6:
16

 1
7 

Fe
br

ua
ry

 2
01

3 
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pure molecular crystals that 9 < 0. We wume that a similar 
inequality is valid for impurity lattices of the same type, i.e. 
.9fg < 0. We also assume that A f - E  > 0, M - 2  > 0,I.W 1 < I M - E  I 
and that a f g  and b 2  can have either the same or the opposite 
sign. As a result we obtain several variants ; Fig. 2 shows the main 
ones. 

Fig. 2a corresponds to the cases : (1) at# > 0, b: >( 0 I a f g  I > 
I bg I (solid line) ; (2) a f g  < 0, b e  2 0, 1 d g  I > IbL: I (dashed 

L 
C 

Figure 2. Concentration dependence of the intensity ratio of split 
components (case B). 
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COMBINED F E R M I - D A V Y D O V  RESONANCE 405 

line). In both cases a concentration exists for which the intensities 
of the bands with the same polarization are equal. In  both cases 
the intensities of the doublet components change monotonically 
with the concentration. Depending on the parameters indicated 
above, the ratio of the components either increases or decreases 
with increasing concentration. 

If conditions afg > 0, b g  < 0, I ufg I < I biz I are obeyed, we 
obtain the dependences shown in Fig. 2b, c (solid lines). The 
existence of two possibilities results from different numerical values 
of the parameters in formula (35'). It can be seen that for the 
case represented by Fig. 2b, C ,  < C,, whereas for the case 
(Fig. 2c) C ,  > C,. For concentration C, the ratio of intensities 
is equal to 1 (a numerator of expression (35') is equal to zero). 
At concentration C, (the denominator in (35') is equal to zero) 
a very sharp change of the ratio of the intensities is observed, 
reminiscent of the behaviour of the dispersion of the refractive 
index in a resonance region when no losses are taken into account. 

The dashed lines is Figs. 2b and c, represent the results for 
conditions ufg < 0, 6: > 0, I afg I < I 6 2  1. They are similar to 
the former curves in general behaviour, but now the ratio of the 
intensities at  C = 0 exceeds 1, whereas in the previous case it was 
less than 1. 

Apparently some other possibilities could be discussed, however 
they would not give anything principly new in comparison with 
those already considered. 

We have also left beyond our consideration the intermediate 
cases taking place a t  I ai l ,  Iuifl - la: 1, I a; 1 ;  V p  2 V D .  Still, 
we can expect in these cases an anomaly in the distribution of the 
intensities of Fermi doublets caused by intermolecular resonance 
of the Davydov type. 

It is interesting at  this stage to make a comparison of the 
conclusions drawn with experimental results5,' where the com- 
bined resonance was studied. It follows from these papers that 
their results are close to case ( A )  of the present communication. 

It is evident from Fig. 1 of reference ( 5 )  that the ratio of the 
component intensities of the combined resonance in CHJ agrees 
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406 MOLECULAR CRYSTALS A N D  LIQUID CRYSTALS 

well with formulae (29, 16) (&B well as with the results of reference 
(6)). f iom the same figure and from E’ig. 1 of reference (7) it 
follows that a change of the concentration of CHJ causes a change 
of the positions and intensities of the bands of the quartet, as it 
should according to formulae (16, 23, 29). 

Thus, there is good agreement between the reported experi- 
ments and the present communication which may be taken as an 
experimental confirmation of the theory ; this agreement is also 
an additional argument in favor of the interpretation proposed in 
reference (5). 
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